International IAHS-PUB Workshop

6-8 July, 2004 in Lugano, Italy

Uncertainty Analysis in Environmental Modeling

A generalised statistically-based approach for
uncertainty assessment in rainfall-runoff modelling

Alberto Montanars

Faculty of Engineering, University of Bologna (alberto.montanari@unibo.it)
http://www.costruzioni-idrauliche. ing.unibo. it/people/alberto/indexeng. htm/

1. Introduction

This contribution presents a statistically based approach for
uncertainty assessment in rainfall-runoff (R-R) modelling. The aim
of the technique is to infer the probability distribution of the model
error conditioned to a number of selected conditioning variables.
These may include the current and previously simulated river flows
as well as internal state variables of the model. The purpose is to
indirectly relate the model error to the sources of uncertainty,
through the conditioning variables.

The probability distribution of the model errors is derived in the
Gaussian space, through a meta-Gaussian approach. The normal
quantile transform is applied in order to make the series of the
model errors and variables G

2. Context of application and
data requirements

The technique can be applied to any rainfall-runoff model, when this
latter is run in simulation or in forecasting.

Uncertainty is estimated in a global form and it is not possible to
separate the contribution of each source of approximation.

The proposed approach is calibrated by inferring the statistical
properties of the model simulation errors. Therefore a series of
observed versus simulated river flows is needed, in order to be able
to obtain a record of simulation errors.

3. Description of the technique

Let us denote with the symbol R(t) a vector of explanatory variables
at time t. Without loosing any generality, let us suppose that the
rainfall-runoff model is run in real time in order to obtain a one-
step-ahead forecasting of future river flows and that the vector of
the explanatory variables is given by

R(t) = [S(t), E(t-1)],

where S(t) is the river flow simulated by the rainfall-runoff model at
time t and E(t-1) is the model error at the previous time step (which
is known since the model is run in real time).

The series S(t) and E(t) are in general non Gaussian. Let us denote
with P(E < E(t)) and P(S < S(t)) the arbitrarily specified marginal
ive probability distri of E(t) and S(t), respectively,
which are assumed to be strictly increasing and continuous. First, a
standard normal quantile transform (NQT) is applied in order to
make P(E < E(t)) and P(S < S(t)) Gaussian. The NQT is fully
described by Kelly and Krzysztofowicz [1997].
The composition of the inverse Q-1 of the standard normal
distribution and the marginal probability distribution P(S < S(t))
defines the NQT of the original variate S(t), which will be referred to
as NQT,

NS(t)=Q[P(s <s(1)]

in which N indicates that the variables are referred to the
normalized space.

The cumulative probability P(S < S(t)) of each observation of S(t) is
approximated here with the corr g sample freq
F(S(t)), which is estimated using the Weibull plotting position.
Therefore, the NQTS involves the following steps: (1) for each S(t)
the ive freq y F(S(b)) is d (2) for each F(S(t))
the standard normal ile NS(t) is d and it is

with the corresponding S(t). Thus, a discrete mapping of the NQTS,
is obtained. In order to be able to apply the inverse of the NQTj,
that is, NQT! for any NS(t)e®R, linear interpolation is used to
connect the points of the discrete mappmg prekusly obtained. The
region beyond the and NS(t) values is
covered by linear extrapolation.

Once the normalized series NS(t) and NE(t) are derived by applying
the respective transformations NQTg and NQTy, let us make the
following hypotheses: (a) NS(t) and NE(t) are stationary and
ergodic; and (b) the cross dependence between NS(t) and NE(t) is
governed by the normal linear equation

NE(t) = C;NS(t) + C,NE(t—1) + Ne(t)

where C, and C, are constant coefficients and Ng(t) is an outcome of
the stochastic process N@(t) which is stochastically independent of
NS(t) and Ne(t-1) and is normally distributed with mean zero.
Consequently, the conditional mean and variance of the R-R model
error in the normalized space are

W (NE() | NS(t), NE(t-1))= C, NS(t) +C, NE(t—1)
o? (NE(t) | NS(t),NE(t-1))= 1-C2-C?

In applications, assumption (b) is subjected to testing.
Remembering that the random variable E(t) is the model error, one
can compute the 95% CI for the simulated river flow s, by

s =5 + NQTE[i(NE(t) NS(1)) +1.960(NE(t)  NS())]

st =5+ NQT{u(NE(t)] NS(1)~1.960(NE(t) | NS(1))]

.
4. Goodness of fit checking

The meta-Gaussian approach described above presents some
relevant statistical properties which are well summarized by Kelly
and Krzysztofowicz [1997]. In particular, whereas the regression of
NE(t) on the transformed explanatory variables is Gaussian, linear
and with constant dispersion, the regression of E(t) on the
explanatory variables in the natural space may be non Gaussian,

non linear and with varying dispersion. This property can provide a

first means for verifying the goodness of the fit provided by the
meta-Gaussian model, which consists in verifying the hypotheses
that condition the validity of the linear regression model of NE(t).
The residuals of such a model are given by

Ne(t) = Ne(t) - C, NS(t) - C,NE(t —1)

and should be Gaussian, homoscedastic, with mean 0 and variance

1-C,2-C,%. Gaussianity can be verified by applying the Kolmogorov-

Smirnov (K-S), Anderson-Darling (A-D) and Probability Plot

Correlation Coefficient (C-C) tests [D’Agostino and Stephens, 1986;
Stedinger et al., 1993] and by drawing the normal probability chart.

For checking the linearity and homoscedasticity assumptions, the
graphical approach proposed by Cook and Weisberg [1994] and
used, in a similar context as here, by Krzysztofowicz and Kelly
[2000] may be applied, which consists of drawing the residual plots
of Ne,. Under the target model, the residual plots will have no
systematic features. If they are curved, then the regression function
is non linear. If the plots are fan shaped or otherwise show
systematic changes in variation across the plot, then the variance of
Ne(t) is not constant.

In practical applications the goodness of fit checking may suggest
that some of the basic assumptions of the meta-Gaussian model are
not satisfied. The lack of fit can be resolved by preliminarily
transforming the model error accordingly to the techni

6. Application

The application presented here refers to the case of uncertainty
assessment in the simulation of river flow data (no forecasting).
Therefore E(t) is regressed on S(t) only. The dependence of E(t) on
E(t-1) is not exploited since in simulation the previous model errors
are not known. This application is fully described in Montanari and
Brath (2004).

The simulation of synthetic river flows is carried out for the
Samoggia river basin, which is located in northern Italy and it is a
left bank tributary to the Reno River (Figure 1). The total area of
the basin, closed at the river cross section of Calcara, is 178 km?2.
The topography of Samoggia River basin is described by a DEM
whose resolution is 250 x 250 m (Figure 2). An extensive data base of
soil texture, relative permeability and organic substance content has
been derived from the soil map, at 1:250.000 scale and in digital
format, provided by the local ration. Finally
meteorological data base is constituted by the hourly rainfall depths
observed at the rai of M aro and
Montesanpietro during the four-year perlod 1994-1997 (Figure 2).
For the same period, both hourly temperature data recorded at
Monteombraro and historical data of hourly river discharges
recorded at Calcara are also at disposal.

by Montanari and Brath (2004).
5. Some relevant features and
limitations

The meta-Gaussian model proposed above does not impose any

restriction on the marginal dependence structure of NE(t) and NS(t)

and therefore it is not influenced by the presence of serial

correlation. The reliability of the meta-Gaussian approach might be

affected by the hypothesis of stationarity and ergodicity for NE(t)
and NS(t), which is necessarily introduced in order to be able to
estimate the statistical properties of such random variables on the
basis of a finite and perhaps limited sample. In order to limit the
resulting approximation, it is advisable to fit the meta-Gaussian

model on an extended data set, which should include a wide varict[yl

of hydrological scenarios.

The presence of non stationarity in the model errors can be
qualitatively checked by carrying out a validation of the meta-
Gaussian model results, that allows one to check their reliability in
real world applications. It is significant to point out that non
stationarity might be due to R-R model inadequacy or unreliability
of input and output data. Therefore in these circumstances the lack
of fit could be resolved by changing the R-R modeling approach or
by reconsidering the hydrological data set. However, this is not
always the case since non ity might be origi
other reasons, for instance a variation of river banks management

or a change in the watershed land-use. The meta-Gaussian approach

does not allow to identify the reasons for the presence of non
stationarity and therefore it is not a means for verifying the
suitability of a given R-R model. It gives an estimation of the
uncertainty associated to the simulations provided by an assigned
model and parameter set. Its lack of fit, which might be due to the
presence of non stationarity and therefore even to model
inadequacy, only indicates that the R-R uncertainty cannot be
reliably estimated.

It is worth remarking that different model structures affect the
analysis only through their si errors. Unsatisfa Yy R-R

models are just expected to be characterized by wider CIs but do not
compromise the applicability of the proposed uncertainty estimation

que, unless non ity is induced in the model errors.

Particular care has to be taken when trying to apply the meta-
Gaussian approach outside the range of st covered by the (st,et)
couples used in the calibration phase. Like any extrapolation, this
procedure may result in unsatisfactory approximations if non
stationarity is present in the dependence structure and probability
distribution of E(t) and S(t).
Finally, it has to be considered that the meta-Gaussian approach
leads to estimating the uncertainty in an aggregated solution. Input
and output uncertainty, as well as parameter uncertainty, are
accounted for implicitly, without separating their individual
contribution. Therefore the meta-Gaussian approach reliability is

P d to be ditioned by changes in the different uncertainty
sources. Variations in the reliability of input and output variables,
for instance those due to modification of the gauging methods, are
likely to affect the R-R model performances, as well as using
synthetic input data instead of observed ones, as it is often done

when estimating design variables. In all these cases the effects of non
stationarity in the uncertainty sources should be carefully evaluated.

by several

Figure 1. Location of the Samoggia River basin
and the rainfall and river flow gauging stations.

Figure 2. Digital Elevation Model of
the Samoggia River basin.

The rainfall-runoff model was calibrated by using data which refers
to one flood event only, observed in 1996. The meta-Gaussian
approach for uncertainty assessment was calibrated by using the
river flow data collected in 1996-1997. Since the goodness of fit tests
described in section 4 resulted not satisfied, a preliminary
transformation of thre model error was applied (Montanari and
Brath, 2004). Figure 3 shows the residual plot of NE(t) (after the
transformation) on C,NS(t).

The meta-Gaussian approach was validated by assessing the
uncertainty of the simulated data which refers to the years 1994 and
1995. The computed confidence intervals were compared with the
actual observations. Figure 4 shows the results of such comparison.

7. Comments
The proposed approach proved to be effective in the estimation of
the uncertainty bands. His main advantages are:
1) It is statistically based and not subjective;
2) It is not intensive; its ication is very simple;
3) It allows for investigating the sources of uncertainty through the
analysis of the conditioning variables.
Its main disadvantages:
1) It needs to be calibrated by using some historical data;
2) It may be inffluenced by the presence of non-stationarity.
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